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Abstract. Let A and A' be superpotential algebras of dimer models, with A' can- 
cellative and A non-cancellative, and suppose A' is obtained from A by contracting, 
or 'Higgsing', a set of arrows to vertices while preserving a certain associated com- 
mutative ring. A' is then a Calabi-Yau algebra and a noncommutative crepant 
resolution of its prime noetherian center, whereas A is not a finitely generated 
module over its center, often not even PI, and its center is not noetherian and often 
not prime. We present certain Morita equivalences that relate the representation 
theory of A with that of A' . 

We then characterize the Azumaya locus of A in terms of the Azumaya locus of 
A 1 , and give an explicit classification of the simple A- modules parameterized by the 
Azumaya locus. Furthermore, we show that if the smooth and Azumaya loci of A' 
coincide, then the smooth and Azumaya loci of A coincide. This provides the first 
known class of algebras that are nonnoetherian and not finitely generated modules 
over their centers, with the property that their smooth and Azumaya loci coincide. 
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1. Introduction 

The goal of this paper is to make progress in studying the representation theory 
of superpotential algebras obtained from non-cancellative (i.e., inconsistent) dimer 
models. For brevity we will refer to superpotential algebras of dimer models as 'dimer 
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algebras' (Definition II. ip . A dimer algebra A = kQ/I (or quiver Q) is cancellative if 
for all paths a, p, q we have 

(1) p ~ q whenever pa ~ qa ^ (resp. ap ~ ag ^ 0), 

and otherwise A is non-cancellative |MoR[ Condition 4.12][Dl Definition 2.5, Lemma 
7.3]. Non-cancellative dimer algebras are quite complicated objects-for instance, 
many of them have free subalgebras-whereas cancellative dimer algebras are non- 
commutative crepant resolutions and Calabi-Yau algebras |Bol iBr] iDl [M| IMoRl |B]F1 
To accomplish our goal, we will relate non-cancellative dimer algebras to cancellative 
ones that share similar structure. 

There are two ingredients in this strategy. First, given a dimer Q and a subset 
of arrows Q\ C Q b we form the contracted or Higgsed quiver Q' by identifying the 
three paths a, h(a), and t(et) for each a £ Q\. If Q' is also a dimer, then there is a 
/c-homomorphism 

ip : A = kQ/I ->A' = kQ'/I' 

of dimer algebras, called a contraction, which sends a path in A to the corresponding 
path in A' |B2l Definition 4.7]. We will consider contractions ip where A is non- 
cancellative and A 1 is cancellative. 

Second, we will require that a certain associated commutative ring is preserved 
under ip. To define this ring we use the notion of an 'impression' of A', which is a 
commutative afline fc-algebra B and an algebra monomorphism r : A' > M\q> o \(B) 
with certain properties (Definition 11.31) . By \B2\ Proposition 4.5], every cancellative 
dimer algebra admits an impression where B is a polynomial ring. For a path p £ A', 
denote by f(p) £ B the single non-zero matrix entry of r(p). We define the associated 
commutative rings of A and A' to be 

(2) S := k [U ieQo r^ (e^e,)] and S' := k [U ie Q/f (e^e*)] . 

We will require that S = S'. 

Since A' is cancellative, its center Z', which is a 3-dimensional normal toric Goren- 
stein singularity |Brj . is isomorphic to S'. Furthermore, the center Z of A modulo its 
nilradical is isomorphic to a nonnoetherian subalgebra R of S \B2\ Theorem 4.15]: 

(3) Zj Nil(Z) = R:= k [n ieQo f ^ (Me*)] CS = S'^'. 

In fact, i? is depicted by S 1 (Definition II ,2p . Maxi? may therefore be viewed as 
the algebraic variety Max S, but containing a positive dimensional subvariety that is 
identified as a single closed point [B2\ Section 2]. In particular, the set 

(4) U:={neM8,xS\R nnR = S n }, 



In Chern-Simons quiver gauge theories, cancellative and non-cancellative dimer algebras are on 
an equal footing |MS| . while in TV = 1 quiver theories non-cancellative dimer algebras correspond 
to unstable but allowable physical theories. 
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introduced in |B2l Definition 2.2], is non-empty. This locus will play a central role 
throughout this paper. 

For q £ Spec S and p := q fl R £ Spec R, set 

A p := A ® z Z p and A' q := A' ® z > Z' q . 

Recall that two rings are Morita equivalent if they have equivalent module categories. 
In Section [2] we prove the following. 

Theorem A. The localizations A p and A' are Morita equivalent if and only if V(q) fl 

Corollary B. The noncommutative function fields A®z FracZ and A' ®z' Frac-Z 7 
are Morita equivalent, and Morita equivalent to FracZ and FracZ'. 

Therefore A, A' , Z , and Z' are noncommutative birationally equivalent. 

In Section [3] we study the Azumaya locus of A, and again find that the locus U 
plays an essential role. 

Proposition C. Suppose q £ Spec S satisfies V(q) fl U ^ 0, and set p :— q fl R. 

Then the localized algebra A p is prime, noetherian, and a finitely generated module 
over its center Z p with PI degree \Qo\- 

Let A be a finitely generated noetherian fc-algebra, module-finite over its center 
(with the standing assumption that k is algebraically closed). Then the Azumaya 
locus of A is defined to be the locus 

(5) A := {m £ M&xZ \ A m is Azumaya over Z m } . 

Recall that A m is Azumaya over Z m if A m is a finitely generated projective Z m - 
module and the map A m ® Zm (An)° P - > End2 m (A m ), defined by (a<g>b) ■ s = asb, is an 
isomorphism |MR[ 5.3.24]. By [BG, Proposition 3.1], if A is prime then A is precisely 
the open dense set of Max Z such that for each m £ A, 

A m /m^M d {k), 

where d is PI degree of A. In other words, the Azumaya locus consists of those points 
of Max Z whose 'noncommutative residue fields' have full rank. 

Although the Azumaya locus has only been defined for noetherian algebras that 
are module-finite over their centers, we define the Azumaya locus of a general algebra 
A with center Z to be the subset of Max Z such that (J5J) holds. Using this definition, 
we show the following. 

Theorem D. The Azumaya locus A of A coincides with the intersection of the 
Azumaya locus A' of A' and the locus U C M&xZ', 

A = A'nu. 
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The following corollary introduces the first known class of algebras which are not 
prime, noetherian, or module-finite over their centers, with the property that that 
their Azumaya and smooth loci coincide. 

Corollary E. If the Azumaya and smooth loci of A' coincide, then the Azumaya and 
smooth loci of A coincide. In particular, if A' is a Y p,q algebra [Bj Example 1.3] then 
the Azumaya and smooth loci of A coincide. 

We then present an explicit classification of the simple A-modules parameterized 
by the Azumaya locus. 

Theorem F. Suppose an A-module V p sits over a point in the Azumaya locus A, 
or equivalently, suppose V p is a simple A-module of dimension 1®°. Then there is a 
point b G Max B such that p is isomorphic to the composition 

A^M m {B)^M m {B/b). 

Using this, we give a coordinate-free description of the commutative ring S and 
the condition S = S'. Denote by S(A) the open subvariety of Rep 1 Q (A) consisting 
of simple A-modules of dimension l Qo , and by S(A) its Zariski closure. 

Proposition G. Suppose ip : A — >■ A' is a contraction of dimer algebras, with A 
non-cancellative, A' cancellative, and S = S' . Then 

S = k[S{A)} GL and S' = k^A 1 )]^. 

In Section H] we show that if the in-out degree of the head or tail of each contracted 
arrow is 1, then A contains a free subalgebra and therefore does not satisfy a polyno- 
mial identity. This is in contrast to cancellative dimer algebras, which always satisfy 
a polynomial identity since they are module-finite over their centers. 

Theorem H. Suppose ip : A — >■ A' is a contraction of dimer algebras with A can- 
cellative, A' non-cancellative, and S = S' . Further suppose that for each 5 G Ql the 
in-out degree ofh(5) or t(S) is 1. Then A contains a free subalgebra and therefore is 
not PI. 

Finally in the Appendix we give a brief account of Higgsing in quiver gauge theories. 

1.1. Notation and preliminary definitions, k is an algebraically closed field of 
characteristic zero. By module we mean left module. If an algebra is a finitely 
generated module over its center, then we say it is module-finite over its center. E^ 
denotes a matrix with a 1 in the ij-ih slot and zeros elsewhere. 

Given a representation p : A — > Endfc(V), V p := V denotes the corresponding A- 
module defined by av := p(a)v. If A = kQ/I is a quiver algebra, then by abuse of 
notation we also denote by p the corresponding vector space diagram on Q: associated 
to each vertex i e Qq is a vector space k di , and associated to each arrow a G Qi is 
a linear map p(a) from k dt( - a ^ to k dh( - a '>, the set of which satisfy the relations given by 
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/. The tuple d := (di) i( zQ Q G N Qo is the dimension vector of V p . If V p has dimension 
vector (1, . . . , 1), then we say V p has dimension 1^°. 

Z and Z' denote the respective centers of A and A'. Maxi? and SpecR are re- 
spectively the maximal and prime ideal spectra of R. For an ideal q < S, V(q) := 
{m G MaxS | m D q} denotes the closed set defined by q. Finally, if /, g are in R or 
S, we write / | g if / divides g in B. 

Definition 1.1. A dimer (or dimer model) is a quiver Q whose underlying graph Q 
embeds into a two-dimensional real torus T 2 , such that each connected component of 
T 2 \Q is simply connected and each cycle on the boundary of a connected component, 
called a unit cycle, is oriented and has length at least 2. A dimer algebra A of Q is 
the quiver algebra kQ/I, where 

(6) I := (p — q | 3 a G Q± such that pa and qa are unit cycles ) C kQ. 
For paths p, q, we will write p ~ g if p — q £ I. 

We will consider the set of arrows 

q\ : = {5 eQi | p(<5) ^ for any simple A-module V p of dimension l Qo ] . 

Definition 1.2. |B2l Definitions 2.8] Suppose R is a nonnoetherian subalgebra of an 
affine integral domain S containing k. We say R is depicted by 5 if the set f7 in (SD 
is non-empty and the map MaxS* — > Maxi?, q i— > q n R, is surjective. 

1.2. The associated commutative ring S. The following notion is needed to 
define the ring S, and was introduced in [B] to study a class of cancellative dimer 
algebras. 

Definition 1.3. [HI Definition and Lemma 2.1] An impression (t,B) of a fc-algebra 
A with center Z is a commutative finitely generated fc-algebra -B and an algebra 
monomorphism r : A Md(B) such that (i) for each q in some open dense set 
C Max 5, the composition with the evaluation map 

(7) A M d {B) M d (B/q) 

is surjective, and (ii) the morphism Max£> — > Maxr(Z), q i-> ql d flr(Z), is surjective. 

Impressions are useful in part because they explicitly describe the center of A as a 
subalgebra of B [HI Lemma 2.1]. Furthermore, if A is noetherian, module- finite over 
its center, and B is prime, then an impression determines all simple A-modules of 
maximal fc-dimension up to isomorphism [BJ Proposition 2.5]. Specifically, if V is a 
simple A-module of maximal fc-dimension, then there is some q G Max B such that 
V = (B/q) , where av := (e q r) (a)v for a G A, u G V. 

Definition 1.4. A simple perfect matching D C Qi is a set of arrows such that each 
unit cycle contains precisely one arrow in D, and Q\D supports a simple A-module 
of dimension 1^°. We denote by Per s (A) the set of simple perfect matchings of A. 
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Let A = kQ/I be a cancellative dimer algebra. Set 

(8) B := k [x D | D G Per s (A)] , 

and define an algebra homomorphism r : A — > M\q \(B) on Qo U Qi as follows: For 
each i G Qo, set r(ej) := and for each a G Qi, set 

(9) r(a) := £ h (a),t(a) fj ^d- 

aeDePer s (A) 

Then by |B2l Proposition 4.5] (see also |CQ[ Proposition 5.3]), (r, 5) is an impression 
of A. 

For a path p, denote by f(p) the single non-zero matrix entry of r(p). We will 
consider contractions of dimer algebras ^ : A — > A' where A is cancellative, A' is 
non-cancellative, and 

S := k [U ieQQ f^ (ciAei)} = k [U i6 g/ f (eiA'eA] =: S'. 
2. MORITA EQUIVALENCES 

Recall that the underlying graph of Q embeds into the real two-torus T 2 . Let 
7i : 1R 2 — > T 2 be the canonical projection. The covering quiver of Q is the pre-image 
Q := 7r _1 (<5) C 1R 2 . Fix a fundamental domain F of Q. For a path p in Q, we will 
denote by p + the unique path in Q with tail in F satisfying n(p + ) = p. 

For paths p, q in Q such that t(p + ) = t(g + ) and h(p + ) = h(g + ), we will denote by 
lZ Pt q (resp. TZp g) the finite subquiver of Q bounded by p + and q + , including (resp. 
excluding) the arrow and vertex subpaths of p + and q + . 

Denote by <7j a unit cycle at i G Qo, and by a the f-image of the unit cycles. The 
following lemma is well known; see for example [MoR] Lemmas 4.2, 4.4, 4.5, 4.6]. 

Lemma 2.1. Suppose A is a dimer algebra. Then the following hold. 

• If o~i, a\ are two unit cycles at % G Qo, then o~i ~ o\. 

• J2ieQ Gi ^ s ™ cen ^ er °f A. 

• If A is cancellative and p + is a cycle in Q, then p ~ cr™ for some n > 0. 

Throughout ip : A — > A' denotes a contraction of dimer algebras on a set of arrows 
Q\ C Qi, with A non-cancellative, A' cancellative, and S = S' as defined in (j2J). 

Since r and ^ are fc-homomorphisms, the composition fj := Tip is a fc-homomorphism 
on each corner ejAei, i,j G Qo- We will consider the fc-homomorphism 

(10) V :A^M m (B) 
defined by 

p h-> fj(p)E h ( p ) !t ( p ) for p G e^ei, z, j G Q - 

It follows from \B2\ Lemma 4.8] that r] is an algebra homomorphism. However, t] 
cannot be injective by [B2, Corollary 4.6]. 
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Consider the lattice Z 2 C Qo where the fundamental domain F of Q lies in the 
unit square [0, 1) x [0, 1). For u = (ui,w 2 ) G Z 2 , set 

Qo ■= Qo n ([ui, Ml + 1) x [U2, u 2 + 1)) . 
Denote by C u the set of cycles c in Q without cyclic proper subpaths modulo I, such 
that h(c+) G Q1 1 (and by definition t(c+) G Qi°' 0) ). Denote by C Q x the set of 
arrow subpaths of cycles in C u . 

Lemma 2.2. Let u G Z 2 ; and suppose there is a cycle in C u at each vertex of Q. 
Then there is a simple perfect matching D such that D D = 0. Furthermore, for 
each arrow a in Q± \ Qi there is a simple perfect matching containing a. 

Proof. We say c, d G C u are adjacent if there is no cycle t G C u whose lift t + intersects 
71° d - Consider each pair of adjacent cycles c, d G C u , with d + to the left of c + in the 

cover Q. 

First suppose c, d do not intersect. Since each connected component of T 2 \ Q is 
simply connected, we have the setup shown in Figure WIS)- The paths between c and 
d that lie in TZ c ,d (shown in the figure) must be arrows since there is a cycle in C u at 
each vertex. Denote the arrows from d to c by D c ^. 

We claim that h(a) = t(6) as shown in the figure. Indeed, if not then it suffices to 
assume that we have the setup shown in Figure [2(a), where q is a subpath of d of 
positive length. Since c and d are adjacent and there is a cycle in C u at each vertex, 
g must be an arrow. But then q ~ apb, a contradiction since c and d were assumed 
to be adjacent. This proves our claim. 

Now suppose c, d intersect at a vertex. Then we have either case (ii) or (iii) of 
Figure [U where d is a subpath of c, d' is a subpath of cf , and d and <f intersect only 
at the vertices h(c') = h(d') and t(c') = t(d'). Again the paths between c and d that 
lie in lZ Ct d must be arrows since there is a cycle in C u at each vertex. In case (ii) 
(resp. (iii)) denote the arrows from d' to d (resp. from d to d') by D^^i. 

Set 

D:= [J D c>d \JD c , >d ,. 

c,d adjacent 

We claim that the oriented cycles shown in Figure [1] are unit cycles. Indeed, again 
consider the cycle bap shown in Figure WIS)- Since c and d are adjacent cycles, it 
suffices to assume we have the setup shown in Figure [2](b). Here p — p n ■ ■ - pi, and 
Pi, . . . ,p n are paths. Furthermore, since c and d are adjacent and there is a cycle in 
C u at each vertex, the paths q, si, . . . , s n must be arrows. But then 

P = p n ---Pi~ g^ 1 , 

a contradiction since c and d were assumed to be adjacent (and c G C u has no cyclic 
proper subpaths modulo I). This proves our claim. 

Consequently, each unit cycle contains precisely one arrow in D. Therefore D is a 
perfect matching. 
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(i) 



(ii) 



(iii) 



Figure 1. Construction of a simple perfecting matching D such that 
D n Qi = in Lemma \2. 21 The dotted arrows are contained in D, and 
the oriented cycles shown are unit cycles. 




q a 




(a) 



(b) 



Figure 2. (a): Setup to show that h(a) = t(6) in Figure [T^i). q is a 
path of positive length, and g is an arrow, (b): Setup to show that the 
cycle bap in Figure [H(i) is a unit cycle, pi, . . . ,p n are paths of positive 
length, q, si, . . . , s n are arrows, and p — p n • ■ -p\. 



Furthermore, for each i,j G Qo there is path t in Q from i to j consisting of only 
paths denoted by solid arrows in Figure [H Thus no arrow subpath of t is in D. Recall 
that a simple A-module of dimension 1^° is characterized by the property that there 
is a non- annihilating path between any two vertices of Q. Therefore Qi\D supports 
a simple A-module of dimension 1**°. □ 
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Lemma 2.3. Let u G Z 2 ; and suppose there is a cycle in C u at each vertex. If 
b,c G C u are cycles at the same vertex i G Qo, then b ~ c. 

Proof. Since there is a cycle in C u at each vertex, there are cycles b = b Q , b\, . . . , b n = 
c G CiAci fl C u such that bi and bi + \ are adjacent. Recall cases (ii) and (iii) of Figure 
[U By Lemma 12.21 the paths between c /+ and d' + that lie in TZ°, d , are arrows, and 
therefore d ~ d' . It follows that 

b = b ~ bi ~ • • ■ ~ b n = c. 

□ 

Lemma 2.4. Le£ w G Z 2 , and suppose there is a cycle in C u at each vertex. If c G C u , 
then a \ fj{c). 

Proof. Since c G C M , by Lemma 12.21 there is a simple perfect matching D such that 
c has no arrow subpath in D. Therefore io \ f/(c). Thus, since a = n_DePcr s (A) x d-> 
a{r/(c). ' ' □ 

Lemma 2.5. Let u G Z 2 ; and suppose there is a cycle in C u at each vertex. If 

b, c G C u , then fj(b) = f/(c) . 

Proof. Let r be a path whose lift r + is a path from t(c + ) to t(6 + ), and let s be a path 
whose lift s + is a path from h(b + ) to h(c + ). By Lemma |2TT| a m f](c) = f](sbr) for some 
m G Z. But f](sbr) = f](sr)f](b) = a n f](b) for some n > 0. Thus f]{b) = a m ~ n f](c). 
Therefore by Lemma [2 A\ f](b) = f](c) . □ 

Lemma 2.6. Suppose g G R and o \ g. Then there is some u G Z 2 such that for 
each i G Qo there is a cycle c G tiAci fl C u satisfying 77(c) = g. 

Proof. Consider cycles p, q satisfying fj(p) = fj(q), and let u, v G Z 2 be such that 
C u 3 p and C v 3 q. Suppose to the contrary that u ^ v. 

Since g 7^ o m for some m > 0, p + and q + are not cycles. Thus u 7^ (0, 0) and 
v 7^ (0, 0). Therefore p and q must intersect at a vertex z. 

Let and q' be the cyclic permutations of p and g at vertex i. Then f/(p') = fj(p) = 
f](q) = fj(q'). Thus, since f is injective, ip(p') = ^ (<?')• But then there is a cycle c 
satisfying t(c + ) = h(p /+ ) and h(c + ) = h(g' + ), that is contracted to a vertex. This is 
a contradiction by |B2} Lemma 4.10]. □ 

Lemma 2.7. Suppose g G i? and cr { g. T/ien for each 5 & Q\ there is a cycle 
c G e t (5)Ae t (,5) such that fj(c) = g and c = d5 for some path d. 
Furthermore, if b G e t ^)Ae t ^s) satisfies f](b) = g, then b ~ d5. 

Proof. Since R is generated by monomials, we may assume g is a monomial. By 
Lemma [276| there is some w G Z 2 and cycle 6 G e t (<j)Ae t (5) fl C" such that fj{b) = g. 
By Lemma [2T2| 5 is a subpath of some cycle c G C". By possibly cyclically permuting 

c, we may assume c = d5 E e t ^)Ae t ^) for some path d. Therefore by Lemma |23| 
77(c) = 77(0) = 
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Suppose b G e t (s)Aet(s) satisfies rj(b) = g. Since a f g, b has no cyclic proper 
subpaths modulo I. Thus b G C u . Therefore b ~ dS by Lemmas 12.31 and 12.61 □ 

Lemma 2.8. Consider a cycle p G CiAci whose lift p + is a cycle in Q. Suppose V p is 
an A-module of dimension 1®° with the properties that p(o~i) = 0, and for each i G Qo 
there is a cycle q G eiAei such that p(q) 7^ 0. Then p{p) = 0. 

Proof. We proceed by induction on the number of vertices of Q in the finite subquiver 
7Z° C Q bounded by p + . If 7Z° contains no vertices then p is a unit cycle, whence 
p ~ (Xj, and so by assumption p(p) = 0. 

Now suppose 7Z° contains n vertices. Further suppose p(g) = for any cycle q 
whose lift q + is a cycle, and which bounds a compact region whose interior contains 
at most n— 1 vertices. Denote by o~j a unit cycle at i contained in 7Z p . Since p(o~j) = 0, 
there is an arrow subpath a of o~i such that p(a) = 0. 

First suppose h(a) 7^ i. By assumption there is a cycle c G eh( a )^4eh( a ) such that 
p(c) (I. 

Let c + G 7r _1 (c) be a path in Q that passes through the vertex h(a) + G Qo- If c + 
is a cycle contained in 7Z P , then by induction p(c) = 0, a contradiction. Therefore 
c + is either a cycle not contained in 7Z P , or c + is a non-cyclic path. If c + is a non- 
cyclic path, we may take it to have sufficient length so that its head and tail are not 
contained in 7Z p . Therefore in either case, c + intersects p + in at least two vertices 

h k e Qo- 

Let r be the subpath of c + from j to k containing h(a), and let p' be the subpath 
of p + from k to j. Since h(a) ^ i, p'r is a cycle in Q that bounds a compact region 
which contains at most n — 1 vertices. Thus by induction, p(p'r) = 0. But p(r) ^ 
since p(c) 7^ 0. Thus p(p') = since V p has dimension 1^°. Therefore p(p) = 0. 

Otherwise suppose h(a) = i. Since Q is non-degenerate, it contains no unit cycle 
of length 1. Therefore t(a) 7^ i. We may thus apply a similar argument as above to 
conclude that p(p) = 0. □ 

Proposition 2.9. Suppose p,q G e^-Ae, are pai/is swc/i that p ^ q, and suppose r is 
a path of minimal length such that rp ~ rq 7^ or pr ~ qr 7^ 0. TTien eac/i arrow 
subpath of r is in Q\. 

Proof. Let Dbea simple perfect matching, let V p be a simple A-module of dimension 
l Qo supported on Q\ \ D, and suppose rp ~ rg. 

(a) First suppose r is an arrow. Further suppose there is only one arrow a with 
tail at j whose lift lies in 7Z PA . Then by [B2| Lemma 4.12], r = a. 

Since V p is simple of dimension 1^°, there is a path t G eiAej that passes through 
each vertex in Q such that p(t) 7^ 0. Thus fj{t) G A; [rij e Q fy (ej/lej)]. Whence fj(tp) G 
^[nieQo^( e i^ e i)]- Therefore by ©, (tp)(tg) ~ (tq)(tp). 
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We may therefore apply the argument in [B21 part (a) of proof of Theorem 4.14] 
to conclude that stp ~ stq for some subpath s of tq. Let t' G Aej be the subpath of 
st of minimal length such that t'p ~ t'q. 

We claim that t' is a subpath of t. Indeed, since V p is supported on Q x \ D, each 
unit cycle is represented by zero. Thus by Lemma I2.8[ the lift t + cannot be a cycle 
in Q since p{t) ^ 0. Thus h(t+) does not lie in TZ° q . But by [B2l Lemma 4.12], h(t'+) 
lies in TZ PtQ . Therefore t' must be a subpath of t, proving our claim. 

Since there is only one arrow a with tail at j whose lift lies in TZ° q , a must be the 
rightmost arrow subpath of t'. Thus a is a subpath of t. But p(t) ^ 0, and therefore 
p(o)^0. 

(b) Now suppose there is more than one arrow with tail at j whose lift lies in 7Z Ptq - 
Consider the sets of arrows {b\, . . . , b n } C CjQ\ and {ai, . . . , a„_i} C Q\tj whose lifts 
lie in 7Z P! q, ordered clockwise or counter-clockwise. Let {pi, . . . ,p n } C ejAe^ be the 
set of paths whose lifts have no cyclic proper subpaths (modulo /) and are contained 
in TZ p ,q, such that for each £, bt is the leftmost arrow subpath of pe. Then p — pi 
and q = p n (or p = p n and q = pi). If Pi ^ Pe+i then we may apply argument (a) 
with pi, pe + i, ai in place of p, q, a respectively, to conclude that p (a^) ^ 0. Otherwise 
Pe ~ Pe+i, and so r cannot be ag since r has minimal length and |B2l Lemma 4.12] 
holds for each finite subquiver TZ PejPe+1 . 

(c) Finally, suppose r = r n ---r 1 with each r £ e Qi and n > 2. By induction, 
assume the proposition holds when r has length at most n — 1. Since r is minimal, 
we may apply arguments (a) and (b) with the paths (r n _i • • -ri)p, (r n _i • • -ri)g, r n 
in place of p, q, a respectively. Thus p{r n ) ^ 0. Therefore p(r) ^ 0, and so no arrow 
subpath of r is in D. 

The proposition follows since D was an arbitrary simple perfect matching. □ 

Lemma 2.10. If n E U and m := nfl R, then there is a (non- constant) monomial g 
in R\m such that a \ g. 

Proof, (a) Since S is generated by monomials and R C S, there must be some mono- 
mial h in S\R. Since n 6 U, we have = S 1 ,,. Thus there are polynomials /i,/ 2 6/2 
with / 2 ^ m such that ft, = ^ G i? m . Since ft is a monomial and i? is generated by 
monomials, f\ and / 2 rnay be chosen to be monomials as well. 

(b) Now assume to the contrary that if g is a monomial in R \ m, then a | g. 
Let p be a path of positive length in Q such that 77 (p) G i? and a \ fj(p). Then by 
assumption, fj(p) G m. 

Let g be path such that t(g + ) = h(p + ) and h(g + ) = t(p + ). Then (gp) + is a cycle 
in Q, and so fj(qp) = a n for some n > 1 by Lemma [2. II Thus 

a 71 = r](gp) = rj(q)f](p) G m. 

Therefore a G m since m is prime. 

Now let / G R be a monomial such that cr | /, say / = fa with /' G S 1 . Since a is 
in m, a is also in n. Therefore / = fa G n. But then / G n D R = m. 
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Therefore all monomials in R are in m, a contradiction by (a). □ 

Remark 2.11. By abuse of notation, we will denote by p G Speci? both a prime 
ideal of R = Z/Nil(Z), and the prime ideal p' of Z containing Nil(Z) such that 
p' + Nil(Z) = p. Furthermore, a maximal ideal of Z may be viewed as a maximal 
ideal of R = Z/Nil(Z), and conversely Indeed, let m G MaxZ. Then m D Nil(Z), 
so m + Nil(Z) = m. 

Theorem 2.12. Suppose q G SpecS 1 satisfies V(q) PI U ^ ; and set p :— q D R. 

Consider paths p,q G e^Aci such that i/)(p) ~ ip(q)- Then p ~ q in the localization 
A p . In particular, 

Nil(Z) • Z p = 0. 

Proof. Fix n G V(q) fl C/ ; then p is contained in m := n D R G Maxi?. 

Suppose p r£ q and -?/>(p) ~ ip(q). Let r be a path of minimal length such that 
rp ~ rq. Then by Proposition 12.91 each arrow subpath of r is in Q\. 

First suppose r is an arrow. Then by Lemma l2.10[ there is a cycle c G ejAej such 
that f/(c) G -R \ m and a \ fj{c). Thus by Lemma [2T71 there is a path d such that 
c ~ dr. Furthermore, since R = Z/Ni\(Z), there is a central element z G Z such 
that = c. Therefore in A p , 

zed 
(11) p — q = -{p — q) = -{p — q) ~ -r(p — g) = 0. 

2 z z ' 

Now suppose r — r n - ■ -r\ with each G Qi and n > 2. As above, for each i there 
is a path G e t ( re )Aeh( re ) such that q ~ d^g. Then <ii ■ ■ • <i n r is a cycle at j such that 
fj (di ■ ■ ■ d n r) = s 11 G R. But s n G" p since p is prime and s G^ p. Therefore p — g = 
in A p as in (TTTT) . 

Finally, let z G Nil(Z). By [B2, Theorem 4.14], we may assume z = p — q, where 
p, q G ejAei are paths satisfying ip{p) ~ ^(g). Therefore z = p — g = in Z p . □ 

Proposition 2.13. Suppose q G SpecS* satisfies V(q) PI C/ ^ ; an<i sei p := q fl R. 

If 5 G Qi, ^en A p contains an element 5* G e%{s)A p eug) satisfying 

5*5 = e t («5) and 55* = e h (a). 

Proof. Fix n G V(q) Pit/; then p is contained in m := nfli? G Maxi?. Suppose 5 G Q^. 

By Lemma l2.10l there is a cycle c G e^Ae^) such that 77(c) G i?\m and a \ fj(c). 
By Lemma 12.71 there is then a path d such that c ~ d5. Furthermore, since R = 
Zj Nil(Z), there is a central element z G Z such that ze t r$-\ = c. 

Consider the element 

r* d 

5* := - G A 



Then in A p , 



d5 c e t ( S) z z 
5 5 = — = - = = e t(5 )- = e t ( 5 ), 



and similarly 55* = e^s)- D 
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Proposition 2.14. IfV p is a simple A-module of dimension V*° and p is a path that 
is contracted to a vertex, then p(p) ^ 0. Therefore Q\ C Q\. 

Proof. Fix a simple perfect matching D C Q\. Let V p be a simple A-module of 
dimension l Qo supported on Q\ \ D. Set m := ann^ (V p ) G M&xZ. By Remark [2.111 
m may also be viewed as a maximal ideal of R = Zj Nil(Z). 

By [B21 Theorem 4.15], R = Z/ Nil(Z) is depicted by S, so there is some n G Max S 
such that tin R = m. By S — S' = Z'. Therefore n may be viewed as a maximal 
ideal of Z' satisfying n fl R = m. Let a be a maximal ideal of A' containing n. 

Since A' is module-finite over a noetherian central subring Z', its primitive and 
maximal ideal spectra coincide. Thus there is a simple A'-module V p < such that 
ann^' (Vp') = a. In particular, ann^' (V p >) — a fl Z' = n. 

Now since V p is simple of dimension 1^°, there is a path t in Q which contains 
each arrow in Qi \ D as a subpath and satisfies pit) ^ 0. Thus t G k [r\ieQ fj (eiAei)} 
since t passes through each vertex. Therefore by (j3J), £ G Ze^y Whence fj{t) G R. 
Furthermore, since pit) ^ 0, fj{t) G" m. Thus fj{t) ^ n. 

Therefore p'(^(£)) ^ 0. But then p'(6) ^ for each 6 G \ -D) = Qi \ ip{D). 

Since p(a) = for a G -D, each unit cycle in Q is represented by zero. Thus 
a G m = n fl R. Therefore each unit cycle in Q' vanishes under p'. Thus there is 
an arrow b G Q[ such that p'{b) = 0. Whence b G ip(D) fl Qi, and in particular 

V^( J D)ng 1 ^0. 

Thus for each a & D, ip(a) G since D is a perfect matching. Therefore Q\ C\D = 
0. The proposition follows since D was an arbitrary simple perfect matching. □ 

We construct a new quiver Q from Q' as follows: 

Denote by T the set of vertices i G Q' such that i is the f/>-image of a non-vertex 
path in Q. Let Q have vertex set Q' Q , and arrow set Q' x together with two loops ji 
and 7* at each vertex % G T. Set 

A := (/', 70* - e h 7*7^ - e f | z G T) . 

Recall that if P and Q are unital idempotent rings (i.e., P 2 = P and Q 2 = Q), 
then P and Q are Morita equivalent if and only if there is a surjective Morita context 
(P, Q, M, N, 0, 9) \GS\ Proposition 2.3]. Here pMq and QiVp are bimodules and 

: iV ® P M Q and 6 : M ® Q iV P 

are surjective bi-module homomorphisms satisfying the associativity conditions 

0(n Cg) m)n' = nd(m Cg> n') and ^(m (g) n)m' = mcj)(n ® m') 

for each m,m' G M and n' G iV. 

Theorem 2.15. Lei i|> : i -> A' ie a contraction of dimer algebras with A non- 
cancellative and A' cancellative, and S = S' . Then the localizations A p and A' are 
Morita equivalent if and only ifY(q) fl U ^ 0. 
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Proof. For ease of notation, first suppose only one arrow 5 in Q is contracted, and 
set 



p : = A p = A ®z Z 9 and Q := A' = A' ® z , Z' 



Then 



Thm l2~T2l 



Rp — Sq 



(12) Z p - 

where (i) holds since V (q) fl U ^ 0. 

Let e := 1a — eu$y Consider the fc-linear map 



(13) 



* : P 



ePe ePe h (5) 
eh(<5)Pe e h ( 5 )Pe h(5 ) 

defined using the isomorphism (fl2l) by 



Q Q7* 

7 Q 7Q7* 



c M 2 L4 



ai ®a.2 &i ® &2 
ci ® c 2 di® d 2 



■0(°i) ® a 2 V( & i) ® hi* 
7^(ci) g> c 2 7^K) ® ^27* 

By Propositions 12. 13 1 and 12. 14"! 55* = and 5*5 = e t (5). Therefore, since 



" 


" 




" 


" 




" 


5* " 




" 


7 




" 







' 





5 







. 7 


























eh(<5) 


1 — y 








the map \I/ is an algebra homomorphism. 

We claim that $ is an isomorphism. By Theorem l2.12[ t/> is injective on the localized 
corners ePe, ePe^, e^Pe, and eh(a) Pe^^) . Therefore \I> is injective. Furthermore, 
since ip : A — y A' is surjective, \I> surjects onto 

A' A'7* 
jA' 7v4'7* 

Let geij\i'. Then g e Z' q . Thus # e Z p by (JT^D - Whence g eA p = P. Therefore 
\1/ is surjective, proving our claim. 
Consider the bimodules 

~ Q 



Mr 



7 Q 



and Q N nP) := [ Q Q7* ] . 



The (Q, Q)-bimodule homomorphism 

: iV <g>* (P) M ->■ Q, [ gi g 2 7* ] § 



9s 

794 



|-> <?i<?2 + g 2 7*7g 4 = 9i92 + 9394, 



and the (\I/(P), \l/(P))-bimodule homomorphism 



: M ® Q N -> * (P) 



9i 

792 



[ 9s 947* ] 



9i93 9i947 
79293 792947* 



is both surjective. Since P and Q are unital, and 9 are bimodule isomorphisms [C| 
Lemma 4.5.2]. Therefore by the isomorphism ^(P) = P, 

(14) P = M ® Q N and Q = N ® P M. 
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In general Q\ = {5i, . . . , S n }. A similar argument shows that there are bimodules 

Q 



(15) P M C 



7iQ 



. 7nQ . 



and Q iVp = [ Q Q 7l * • • ■ Q7* ] . 



Since 5*5j = e t (^) and 5j5* = e^.) for each 1 < j < n, ffT4"|) holds. 

Conversely, suppose V(q) D U = 0. Then R p ^ S q . By © S = Z', whence the 
centers of P and Q are not isomorphic: 

Z(P) ^R p ^S q ^ Z(Q). 

Therefore P and Q cannot be Morita equivalent. □ 

Corollary 2.16. The noncommutative function fields A ®z Frac Z and A' ®z> Frac Z' 
are Morita equivalent, and Morita equivalent to FracZ and FracZ'. 

Therefore A, A' , Z , and Z' are noncommutative birationally equivalent. 

Proof. We have the following Morita equivalences: 

A® z FracZ ~ A' <g> Z ' Frac Z' ~ FracZ' ( ~ Frac^ ( = Fraci?. 

Indeed, (i) follows from Theorem 12.151 (ii) holds since A' is a cancellative and so is a 
noncommutative crepant resolution, and in particular A' is an endomorphism ring of 
a finitely generated projective Z'- module, (iii) holds by ([3]). Finally, (iv) holds since 
S is a depiction of R by \B2\ Theorem 4.15]. □ 

Remark 2.17. Consider n G U, and set m := nfl R. Let q e Spec S be contained in 
n, and set p := q D R. 

First suppose V p i is an A'-module of dimension l^o such that n = ann^' (V p >). Then 
p' may be viewed as a vector space diagram on Q' where each arrow is represented 
by a scalar. By Theorem 12.151 the Ap-module M g)^/ V p > may be viewed as a vector 
space diagram ip^p' on Q of dimension 1^° by setting 

(16) (r V) (a) := { { W°» \1\%> QI ■ 

Now suppose V p is an A- module of dimension 1^° such that m = ann^ {V p ). View 
p as a vector space diagram on Q. Then the A^-module N cg>^ p V p may be viewed as 
a vector space diagram vpp on Q' of dimension l^o as follows. By Proposition I2.13[ 
p(5) ^ for each 5 G Q\. Furthermore, no cycle is contracted to a vertex by 



Lemma 4.10]. Therefore, up to isomorphism, p{5) = 1 for each 8 G Q*. Thus we may 

set 

(ipp) (a) := p M) (a)) for each a G Q\. 
It follows that p = ip~ l p' if and only if ipp = p' (which also holds by Theorem 12. 15[) . 
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3. AZUMAYA LOCI 

Throughout, ip : A — > A' is a contraction of dimer algebras, with A non-cancellative, 
A' cancellative, and S = S'. Recall that Z and Z' denote the centers of A and A' 
respectively. 

3.1. Localizations that are prime, noetherian, and finite over their centers. 

Lemma 3.1. A is not a finitely generated module over its center. 

Proof. Since A is non-cancellative, there are vertices i,j G Qo and a cycle c G e^e^ 
such that 77(c) G fj {s^AeA \ fj (ejAej). It suffices to suppose that a \ fj(c). Let mgZ 2 
be such that h(c + ) G Qq. 

Assume to the contrary that fj(c n ) G R for some n > 2. Then it suffices to suppose 
that, modulo /, c n equals a cycle p G tiAti that passes through j. 

Consider the two paths p±,P2 in Q such that n(pi) = 7r(p 2 ) — P, t(pi) = t (c + ), and 
t(pi) = h (c + ). Then and p 2 must intersect at some vertex k E Qq. 

Consider the subpath s of pi from j to k, and the subpath t of p 2 from k to j. Then 
d := 7r(ts) is a cycle in ejAej. Furthermore, h (d + ) is in Qq. Therefore 77(c) = fj(d)a m 
for some m G Z. 

But a = riDePer s (A) ^Di anc l by assumption a \ fj(c), so a \ f](c n ) = fj(p). Thus 
erf 77(d). Therefore 77(c) = 77(d). Whence 77(c) G 77 (ejAej), a contradiction. 

Thus c n G^ -Ze t ( c ) for n > 1 by (j3J). Therefore A is not module-finite over Z. □ 

Proposition 3.2. Suppose q G SpecS* satisfies V(q) fl £/ 7^ 0, and set p := q fl R. 

Then the localized algebra A p is prime, noetherian, and a finitely generated module 
over its center Z v with PI degree \Qo\- 

Proof, (i) We first claim that A p is noetherian. Since A' is a cancellative dimer 
algebra, it is noetherian [Bj Theorem 2.11]. Thus A' is noetherian. By Theorem 
I2.15[ A p is Morita equivalent to A' and therefore A v is noetherian as well, 
(ii) We now show that A p is prime. 

Since A' is cancellative, Z' = S. Since (r, B) is an impression of A', the morphism 
Max I? M&xZ' = MaxS is surjective. Therefore there is an ideal b G SpecB such 
that b PI S = q. In particular, b fl R = p. 

Consider the algebra homomorphism rj : A — > Miq i(S) defined in ffTU]) . We claim 
that the induced algebra homomorphism 

(17) V ■ A -> M| Qo | (A,) 

is injective. Indeed, since f : CjA'ei — )■ 5 is injective for each 7, j G Qo ; the kernel 
of 77 : A — > M\q \(B) is generated by elements of the form p — q, where p,q G A are 
paths such that p 7^ q while ip(p) ~ ^(o)- 
If either t(p) 7^ t(q) or h(p) 7^ h(g), then 

77(p) oc E h{p)Mp) and 77(g) oc E h(q)Mq) 
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have distinct non-zero matrix entries. Therefore p — q (jL kerry. 

Thus if p — q G ken/ then t(p) = t(q) and h(p) = h(g). But Theorem 12.121 then 
implies that p ~ q in A p . Therefore i] is an algebra monomorphism on A,. 

B b is a domain since B is a polynomial ring. Thus M\q q \ (B b ) is prime by [Lj 
Proposition 10.20]. Therefore A p is prime since rj is an algebra monomorphism. 

(hi) We now show that A p is module-finite over its center Z p . 

We first claim that for each i,j G Q , 

(18) fj {ciApd) = f\ (ejA p ej) . 

Indeed, let c G ejAej be a cycle. Fix n G V(q) D /7, and set m := n R R. Let V be 
a simple A-module of dimension 1^° with i?-annihilator m. Then by Proposition 12.91 
there are paths d\ G ejAei and d 2 G e^Atj such that di,d 2 & ann^ V and d 2 rfi G Z p ej. 
Let 2 G Z p be such that zej = d 2 d\. Then z -1 G (Z p ) . But (^p) m = Z p , and so 
z^ 1 G Z p . Thus 

fj (d 1 cd 2 z~ 1 ) = f\ {cd 2 d x z~ x } = fj (czz^ 1 ) = 77(c) G 77 (ejApej) . 

But d\cd 2 z~ x G tjApty Therefore fj (e^A^e*) C fj {ejApej). Since z,j were arbitrary, 
this proves ffTB~j) . 

By (ii), 77 is an algebra monomorphism, and so the restriction fj : ejApej — > 
is an algebra monomorphism for each i G Qq. Therefore f llOp implies that for each 

ejApej = 77 (^j^pCi) = Tj (ejApej) = e^Aepej. 

It follows that ejA p ej C Z p ej. We may therefore apply the argument [Bj second 
paragraph of proof of Theorem 2.11 with e^Ae^ = Zei replaced by e^Ape^ C Z p e,i\ to 
conclude that Ap is module-finite over its center. 

(iv) \Qq\ is the PI degree of A p by the algebra monomorphism (|T7|) and [Bj Lemma 
2.4, with A, U, r q replaced respectively by A p , {b}, r] b ]. □ 

3.2. Azumaya and smooth loci. 
Lemma 3.3. Let p G Speci?. Then 

Ap ® z R = A ® z R P - 

Proof. It suffices to show that Z p ®z R — R$- Let z G Z and set z := z + Nil(Z). 

If z- 1 G Zp then z £ p. Since Nil(Z) C p, z £ Nil(Z). Thus a" 1 G (Z/Nil(Z))„. 

Conversely, if z -1 G (Z/Nil(Z)) p then 2 G" Nil(Z) U p. Whence z £ p. Therefore 
z- 1 G Zp. ' □ 

For brevity we will write -R m /m and A m /m for _R m /rri-R m and An/mA m respectively. 

Lemma 3.4. Let m G Maxi?. T/ien 

A ® z R m /m S A m /m. 
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Furthermore, if q G Spec 5 satisfies V(q) D {7 7^ and p = q fl i? 7 i/ien 



-Rp — A p . 



Proof. Consider the short exact sequence 

(19) -> Nil(Z) -> Z ->■ i? = Z/ Nil(Z) -> 0. 

Applying the right exact functor A m /m ®^ — we obtain the exact sequence 

Lem 13.31 

A TO /m® z Nil(Z) ->■ A m /m® z Z^ A m /nw A m /m® Zj R £ A® z Rjm^O. 

But Nil(Z) C m, and so the left-most term is zero. Therefore A ® z Rm/w — A m /m. 

Now suppose V(q) PI U ^ 0. Applying the right exact functor A p ® z — to f[T9"j) we 
obtain the exact sequence 

Lem 13.31 

A p ® z Nil(Z) ->■ A p <g> z Z = A p -> A p ® z i2 = A ® z i? p -> 0. 

□ 



But the left-most term is zero by Theorem 12.121 Therefore A ® z Rp — A p . 

Recall that a central simple algebra over k is a simple algebra whose center is k. 

Theorem 3.5. The Azumaya locus A of A coincides with the intersection of the 
Azumaya locus A' of A' and the locus U C MaxZ', 

A = A'nu. 

The isomorphism is defined by sending n G A' D U to n fl R G A. 



Proof. Let n G MaxZ' = MaxS", and set m := n fl R. By Remark 12.111 a maximal 
ideal of Z may be viewed as a maximal ideal of R, and conversely. There are two 
cases to consider. 

(i) First suppose n^U. Then i? m C 5 n , so by Lemma ?? A m is not module-finite 
over its center Z m . Therefore A m cannot be Azumaya over its center. 

(ii) Now suppose n G U. Recall the (A m , A(,)-bimodule M defined in (ITS]) . We first 
claim that 



A m /m s M ® Ai A' n /n. 



Suppose = . . . , 6i}. Then 



Leml3~4l Leml3~3l 

A m /m A® z R m /m A m ® Zm R m /m 



1 " Ej=l e h(<5,) ) A " 
eh(<5i)A ro 

eh(^)A m 



,-Rm/tn 



4. 

Mi 



fim i? m /m = M ® Rm R m /m = M <8> Sn SJn S M <8> A{i A' n /n, 
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where (i) holds since R m — S n is a local ring with unique maximal ideal mi? m = nS n , 
and ^ is defined in (TLB]) . 

Thus, since M ® — is a categorical equivalence, A m /m is central simple over k 
if and only if A' n /n is central simple over k. Since n 6 U, A m and are both 
prime, noetherian, and module- finite over their centers with PI degrees \Qq\ and 
\Q' \ respectively, by Proposition 13.21 Therefore A m is Azumaya if and only if A' n is 
Azumaya by the Artin-Processi Theorem |MP4 Theorem 13.7.14]. □ 

The following corollary gives the first known class of algebras which are not prime, 
noetherian, or module-finite over their centers, with the property that their Azumaya 
and smooth loci coincide. The Y p,q dimer algebras are defined in (Bj Example 1.3]. 

Corollary 3.6. // the Azumaya and smooth loci of A' coincide, then the Azumaya 
and smooth loci of A coincide. In particular, if A' is a Y p,q algebra then the Azumaya 
and smooth loci of A coincide. 

Proof. Suppose n G" U, and set m := n fl R. Then R m is not finitely generated. Thus 
the residue field -R m /m has infinite projective dimension over i? m . Therefore m is a 
singular point of R. The corollary then follows from Theorem 13.51 If A' is a Y p ' q 
algebra, then its Azumaya and smooth loci coincide by [B, Theorem 7.3]. □ 

The following example shows that A' and U are distinct in general. 

Example 3.7. Let Q and Q' be the quivers shown in Figure [3l with cycles p, q, s in 
Q. Consider the simple A-module V p and simple A'-module V p > defined by 

/ \ f 1 if a is a subpath of p r _ „ , , „ 
P(a):=j otherwise faraGQoUQi, 

/ / \ f 1 if a is a subpath of ib(p) r ~, , , ~, 

P'(a):={ otherwise tor a EQ>UQ> V 

Set 

m := amiR (V p ) £ M&xR and n := ann^/ (Vp/) G M&xZ'. 

Then m = n fl R under the isomorphism Z' = S. We claim that n G U while n is not 
in the Azumaya locus of A'. 

To show that n G U, it suffices to show that fj(s) G -R m since fj(s) is the only 
irreducible monomial in S\R. But fj(p) G R\va since p does not annihilate V p . Thus 

v( s ) = —rv e R m . 

T](p) 

Therefore i? m = S n , whence n G U. 

Finally, n is not in the Azumaya locus of A' since the dimension vector of any 

simple A'-module of maximal fc-dimension is 1^° [HI Proposition 2.5, Lemma 2.13]. 
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Figure 3. The quivers Q and Q' in Example 13.71 drawn on a torus. 
The cycles p, q, and s in Q are respectively denoted with dotted, 
dashed, and doubled arrows, with suitably chosen tails. 



3.3. Classification of simple modules parameterized by the Azumaya locus. 

Recall that a simple A-module V sits over a point m in the Azumaya locus A if 
V m is the unique simple v4 m -module up to isomorphism. The Azumaya locus then 
parameterizes a family of simple A-module isoclasses. 

Proposition 3.8. V = V p is a simple A-module of dimension 1^° if and only if V 
sits over some point ra E A. 

Proof. First suppose m G A, and let V m be the unique simple 74 m -module. By Propo- 
sition [3721 the PI degree of A m is \Qo\. Thus dim^ (V m ) = \Qo\- 

Denote by mo the Z-annihilator of any vertex simple A-module; mo may be viewed 
as the origin of MaxZ. Since m is clearly not in A, m ^ m . Thus there is a 
central element z G Z such that zej is a cycle for each i G Q , and p(z) ^ 0. Since 
V is simple and z is central, p(z) is a scalar multiple of the identity by Schur's 
lemma. Thus p(zei) ^ for each i e Q . Whence dim^ (eiV m ) > 1, i G Qq- But 
dimfe (y m ) = \Qo\, and therefore has dimension 1^°. 

Now suppose V p is simple of dimension 1^°. Set m := ann^ V p . Consider p' := ipp 
as in Remark 12.171 Then V p > is simple of dimension l^o. Therefore n := ann^/ V p i is 
in A'. 

Furthermore, since V p is simple of dimension 1^°, there is a cycle t which passes 
through each vertex and satisfies p(t) ^ 0. Thus we may apply [B2| proof of Theorem 
4.15] to conclude that _R m = S n . 

Therefore n G A' PI U. It follows from Theorem 13.51 that ra E A. □ 
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In the following, the algebra homomorphism 77 defined in (II 01) is used to classify 
the simple A-modules parameterized by the Azumaya locus. This classification shows 
that rj is very close to being an impression of A even though A may not be embeddable 
into a matrix ring over a commutative ring; see [HI Proposition 2.5]. 

Theorem 3.9. For each A-module V p that sits over a point in the Azumaya locus A, 
there is a point b £ Max B such that p is isomorphic to the composition 

A^M m {B)%M m {B/b). 

Proof. By Proposition 13. 8[ V p is a simple A-module of dimension 1^°. By Remark 
12.171 there is a simple A'-module V p > of dimension 1^° such that i\)~ x p' = p. Since 
(t, B) is an impression of A, by [Bj Proposition 2.5] there is a point b £ M&xB such 
that p' is isomorphic to the composition 

A^M m {B)%M m {B/b). 
But then for each i,j £ Q , 

□ 

3.4. Coordinate-free description of S. 

Definition 3.10. Given a quiver algebra A = kQ/I and dimension vector d = 
(di)i£Q , denote by Rep d (A) the closed affine variety of <i-dimensional representations 
of A viewed as vector space diagrams on Q, 

RePd{A) c M dh{a)Xdt(a) (k) = A f^ d ^\ 

aGQi 

The reductive algebraic group 

(20) GL:= Y[GL d .{k) 

jeQo 

acts linearly on Rep d (A) by conjugation (i.e., change-of-basis) . 

Now let A be a dimer algebra. Denote by S(A) the open subvariety of RepjQo (A) 
of simple representations, and by S(A) its Zariski closure. For an element p in a 
corner ring ejAei, denote by p,(p) the corresponding function in k [Rep 1 Q (A)] taking 
the value p,(p)(p) := p{p) £ k on each p £ Rep 1 Q (v4). 

Proposition 3.11. Suppose ip : A — ^ A' is a contraction of dimer algebras, with A 
non-cancellative, A' cancellative, and 5 = 5". Then 5 and S' are the GL-invariants 



5 = A;[§(A)] GL and S' = k[S(A')} 
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Proof. Let p,q £ e^Ae^ be paths such that ip(p) ~ ^(?)- By Proposition 12.91 ji{p) = 
fi(q) on §(v4). By Theorem I3.9[ we may set fi(p) = fj(p) for each path p in Q. 
Furthermore, each arrow a £ Qi vanishes at some point in §(A), and so /i(a) is not 
invertible on S(A) (though if a £ Q\, then is invertible on S(A) by Proposition 
12 .91) . Therefore the GL-invariants in /c[S(A)] and fc[S>(A')] are generated by oriented 
cycles in Q and Q' respectively. □ 

4. NON-CANCELLATIVE DIMER ALGEBRAS THAT ARE NOT PI 

Cancellative dimer algebras are finitely generated modules over their centers, whereas 
non-cancellative dimer algebras are not. In this section we show that a class of non- 
cancellative dimer algebras also do not satisfy a polynomial identity. 

S. Paul Smith observed that the non-cancellative dimer algebra with quiver in 
Figure Hla is not PI because the quotient A/ (ab, ba) is isomorphic to the free algebra 
k (y, z). We generalize Smith's result in the following theorem. 

Theorem 4.1. Suppose ip : A — >■ A' is a contraction of dimer algebras with A 
cancellative, A' non-cancellative, and S = S' . Further suppose that for each 5 £ Q\ 
the in-out degree ofh(5) ort(5) is 1. Then A contains a free subalgebra and therefore 
is not PI. 

Proof. Let p, q be paths in Q from vertex i to vertex j, and without loss of generality 
suppose that there are arrows a, b £ Q\ such that bap and baq are unit cycles. Then 
ip(a) or ip{b) must be a vertex, and p ^ q while ap ~ aq and pb ~ qb. In particular, 
f)(p)=fj(q). 

Let r' be a path in Q' from to ijj(i) such that the lift of r'tp(p) to Q' does not 
contain a cyclic proper subpath modulo Since r is injective, Lemma 12.11 implies 
that a \ f(r'ip{p)). 

Since the in-out degree of the head or tail of each contracted arrow is 1, there is a 
path r in Q from j to i such that ip(r) = r'. Then a \ f](rp) since fj(rp) = f{tp{rp)) = 
f(rty(p))- 

Suppose the cycles rp, rq do not generate a free subalgebra of A. By the relations 
it suffices to suppose that prp equals prq, qrp, or qrq modulo /. 

If d is a path such that dp ~ dq ^ (resp. pd ~ qd ^ 0), then a (resp. b) must be a 
rightmost (resp. leftmost) arrow subpath of d modulo I. Thus prp must contain a or 6 
modulo /. Therefore since the in-out degree of h(a) = t(b) is 1, prp must contain the 
path ba modulo /. But then a \ fjijrrp). This yields a \ fj{rp) since a = riDePcrsA^ 
and f](prp) = f](p) 2 f](r). 

Therefore we have a contradiction, and so k (rp, rq) is a free subalgebra of A. □ 

Example 4.2. By Proposition 14.14 the dimer algebra with quiver in Figure Hla con- 
tains the free subalgebra k(yz,zy). Note that it also contains the free subalgebra 
k(y,z). 
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Figure 4. The dimer algebras with quivers (a) and (b) are not PI, 
while it is not known whether the dimer algebra with quiver (c) is PI. 
All quivers are drawn on a torus and are non-cancellative. 

Remark 4.3. The general method of the Proposition 14.11 is to find a pair of non- 
cancellative paths (the paths p and q in (JT])) that are cycles, and determine if these 
cycles generate a free subalgebra. For example, the dimer algebra with quiver in 
Figure Hlb contains the free subalgebra k (ab, ba) , with p = ab and q = ba. (Note 
that it also contains the free subalgebra k(a,b).) This algebra is therefore not PI, 
and also does not satisfy the hypotheses of the proposition. 

However, this method will not work in general. For example, the dimer algebra A 
with quiver in FigureHlc contains the non-cancellative paths p = gabbc and q = gdbbf, 
which are indeed cycles, but p 2 contains a unit cycle subpath. p and q therefore do 
not generate a free subalgebra of A, and so it is not known whether this algebra is 
PI. (See also (E21 Section 4.4, (La)] and [DHPl Table 5, 2.3].) 

Question 4.4. Is there a non-cancellative dimer algebra that is PI? 

Appendix A. A brief account of Higgsing with quivers 

Quiver gauge theories 

According to string theory, our universe is 10 dimensional^ In many string theories 
our universe has a product structure M x Y, where M is our usual 4-dimensional 
space-time and Y is a 6-dimensional compact Calabi-Yau variety. 

Let us consider a special class of gauge theories called 'quiver gauge theories', which 
can often be realized in string theoryo The input for such a theory is a quiver Q, a 
superpotential W, a dimension vector d G and a stability parameter 9 G MP . 

Let I be the ideal in CQ generated by the partial derivatives of W with respect 
to the arrows in Q. These relations (called 'F-term relations') are classical equations 
of motion from a supersymmetric Lagrangian with superpotential Denote by A 
the quiver algebra CQ/I. 

2 More correctly, weakly coupled superstring theory requires 10 dimensions. 
3 Hcre we are considering theories with M = 1 supersymmetry. 

4 More correctly, the F-term relations plus the D-term relations imply the equations of motion. 
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According to these theories, the space X of ^-stable representation isoclasses of 
dimension d is an affine chart on the compact Calabi-Yau variety Y. The 'gauge 
group' of the theory is the isomorphism group (i.e., change of basis) for representations 
of A, defined in (120). 

Physicists view the elements of A as fields on X. More precisely, A may be viewed 
as a noncommutative ring of functions on X, where the evaluation of a function 
/ G A at a point pel (i.e., representation p) is the matrix /(p) := (up to 

isomorphism) . 

Vacuum expectation values 

Given a path f E A and a representation p G X, denote by / (p) the matrix 
representing / on the vector space diagram on Q associated to p. 

The 'vacuum expectation value' of a field is its expected (average) energy in the 
vacuum (think rest mass), and is abbreviated 'vev'. In our case, the vev of a path 
/ G A at a point p G X is the matrix / (p), which is just the expected energy of / in 
M x {p}. 

Higgsing 

Spontaneous symmetry breaking is a process where the symmetry of a physical 
system decreases, and a new property (typically mass) emerges. 

For example, suppose a magnet is heated to a high temperature. Then all of its 
molecules, which are each themselves tiny magnets, jostle and wiggle about randomly. 
In this heated state the material has rotational symmetry and no net magnet field. 
However, as the material cools, one molecule happens to settle down first. As the 
neighboring molecules settle down, they align themselves with the first molecule, 
until all the molecules settle down in alignment with the first H The orientation 
of the first settled molecule then determines the direction of magnetization for the 
whole material, and the material no longer has rotational symmetry. One says that 
the rotational symmetry of the heated magnet was spontaneously broken as it cooled, 
and a global magnetic field emerged]! 

Higgsing is a way of using spontaneous symmetry breaking to turn a quantum 
field theory with a massless field and more symmetry into a theory with a massive 
field and less symmetry. Here mass (vev's) takes the place of magnetization, gauge 
symmetry (or the rank of the gauge group) takes the place of rotational symmetry, 
and energy scale (RG flow) takes the place of temperature. 

The recent discovery of the Higgs boson at the Large Hadron Collider is another 
example of Higgsing 

5 More precisely there are domains of magnetization. 

6 This is an example of 'global' symmetry breaking, meaning the symmetry is physically 
observable. 

7 This is an example 'gauge' symmetry breaking, meaning the symmetry is not an actual observable 
symmetry of a physical system, but only an artifact of the math used to describe it (like a choice of 
basis for the matrix of a linear transformation). 
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Higgsing in quiver gauge theories 
Now for our main example. Suppose an arrow a in a quiver gauge theory with 
dimension 1^° is 'collapsed' to a vertex e. We make two observations: 

(1) the rank of the gauge group drops by one since the head and tail of a become 
identified as the single vertex e; 

(2) a has zero vev at any representation where a is represented by zero, while e can 
never have zero vev since it is a vertex, and X only consists of representation 
isoclasses with dimension 1^°. 

We therefore see that collapsing an arrow to a vertex is a form of Higgsing in quiver 
gauge theories with dimension 1*2° H 

Acknowledgments. I would like to thank Toby Stafford and Paul Smith for in- 
quiring whether non-cancellative dimer algebras are PI, and I would like to thank 
Francesco Benini for helpful comments on the appendix. 
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This is another example of gauge symmetry breaking. 



